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Abstract
In this note we prove a nonexistence result for proper biharmonic maps from complete
non-compact Riemannian manifolds of dimension m = dimM ≥ 3 with infinite volume that
admit an Euclidean type Sobolev inequality into general Riemannian manifolds by assuming
finiteness of ‖τ(φ)‖Lp(M), p > 1 and smallness of ‖dφ‖Lm(M). This is an improvement of
a recent result of the first named author, where he assumed 2 < p < m. As applications
we also get several nonexistence results for proper biharmonic submersions from complete
non-compact manifolds into general Riemannian manifolds.
1 Introduction
Let (M,g) be a Riemannian manifold and (N,h) a Riemannian manifold without boundary.
For a W 1,2(M,N) map φ, the energy density of φ is defined by
e(φ) = |dφ|2 = Trg(φ
∗h),
where φ∗h is the pullback of the metric tensor h. The energy functional of the map φ is defined
as
E(φ) =
1
2
∫
M
e(φ)dvg .
The Euler-Lagrange equation of E(φ) is τ(φ) = Trg∇¯dφ = 0 and τ(φ) is called the tension
field of φ. A map is called a harmonic map if τ(φ) = 0.
The theory of harmonic maps has many important applications in various fields of differential
geometry, including minimal surface theory, complex geometry, see [19] for a survey.
Much effort has been paid in the last several decades to generalize the notion of harmonic
maps. In 1983, Eells and Lemaire ([4], see also [5]) proposed to consider the bienergy functional
E2(φ) =
1
2
∫
M
|τ(φ)|2dvg
for smooth maps between Riemannian manifolds. Stationary points of the bienergy functional
are called biharmonic maps. We see that harmonic maps are biharmonic maps and even
more, minimizers of the bienergy functional. In 1986, Jiang [10] derived the first and second
variational formulas of the bienergy functional and initiated the study of biharmonic maps. The
Euler-Lagrange equation of E2(φ) is given by
τ2(φ) := −∆
φτ(φ)−
m∑
i=1
RN (τ(φ), dφ(ei))dφ(ei) = 0,
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where ∆φ :=
∑m
i=1(∇¯ei∇¯ei −∇¯∇eiei). Here, ∇ is the Levi-Civita connection on (M,g), ∇¯ is the
induced connection on the pullback bundle φ∗TN , and RN is the Riemannian curvature tensor
on N .
The first nonexistence result for biharmonic maps was obtained by Jiang [10]. He proved
that biharmonic maps from a compact, orientable Riemannian manifold into a Riemannian
manifold of nonpositive curvature are harmonic. Jiang’s theorem is a direct application of the
Weitzenbo¨ck formula. If φ is biharmonic, then
−
1
2
∆|τ(φ)|2 = 〈−∆φτ(φ), τ(φ)〉 − |∇¯τ(φ)|2
= Trg〈R
N (τ(φ), dφ)dφ, τ(φ)〉 − |∇¯τ(φ)|2
≤ 0.
The maximum principle implies that |τ(φ)|2 is constant. Therefore ∇¯τ(φ) = 0 and so by
div〈dφ, τ(φ)〉 = |τ(φ)|2 + 〈dφ, ∇¯τ(φ)〉,
we deduce that div〈dφ, τ(φ)〉 = |τ(φ)|2. Then, by the divergence theorem, we have τ(φ) = 0.
Generalizations of this result by making use of similar ideas are given in [17].
If M is non-compact, the maximum principle is no longer applicable. In this case, Baird
et al. [2] proved that biharmonic maps from a complete non-compact Riemannian manifold
with nonnegative Ricci curvature into a nonpositively curved manifold with finite bienergy are
harmonic. It is natural to ask whether we can abandon the curvature restriction on the domain
manifold and weaken the integrability condition on the bienergy. In this direction, Nakauchi
et al. [16] proved that biharmonic maps from a complete manifold to a nonpositively curved
manifold are harmonic if (p = 2)
(i)
∫
M |dφ|
2dvg <∞ and
∫
M |τ(φ)|
pdvg <∞, or
(ii) V ol(M,g) =∞ and
∫
M |τ(φ)|
pdvg <∞.
Later Maeta [14] generalized this result by assuming that p ≥ 2 and further generalizations
are given by the second named author in [11], [12].
Recently, the first named author proved a nonexistence result for proper biharmonic maps
from complete non-compact manifolds into general target manifolds [1], by only assuming that
the sectional curvatures of the target manifold have an upper bound. Explicitly, he proved the
following theorem.
Theorem 1.1 (Branding). Suppose that (M,g) is a complete non-compact Riemannian mani-
fold of dimension m = dimM ≥ 3 whose Ricci curvature is bounded from below and with positive
injectivity radius. Let φ : (M,g) → (N,h) be a smooth biharmonic map, where N is another
Riemannian manifold. Assume that the sectional curvatures of N satisfy KN ≤ A, where A is
a positive constant. If ∫
M
|τ(φ)|pdvg <∞
and ∫
M
|dφ|mdvg < ǫ
for 2 < p < m and ǫ > 0 (depending on p,A and the geometry of M) sufficiently small, then φ
must be harmonic.
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The central idea in the proof of Theorem 1.1 is the use of an Euclidean type Sobolev inequality
that allows to control the curvature term in the biharmonic map equation. However, in order
for this inequality to hold one has to make stronger assumptions on the domain manifold M as
in Theorem 1.1, which we will correct below.
We say that a complete non-compact Riemannian manifold of infinite volume admits an
Euclidean type Sobolev inequality if the following inequality holds (assuming m = dimM ≥ 3)
(
∫
M
|u|2m/(m−2)dvg)
m−2
m ≤ CMsob
∫
M
|∇u|2dvg (1.1)
for all u ∈ W 1,2(M) with compact support, where CMsob is a positive constant that depends on
the geometry of M . Such an inequality holds in Rm and is well-known as Gagliardo-Nirenberg
inequality in this case.
One way of ensuring that (1.1) holds is the following: If (M,g) is a complete, non-compact
Riemannian manifold of dimension m with nonnegative Ricci curvature, and if for some point
x ∈M
lim
R→∞
volg(BR(x))
ωmRm
> 0
holds, then (1.1) holds true, see [18]. Here, ωm denotes the volume of the unit ball in R
m. For
further geometric conditions ensuring that (1.1) holds we refer to [8, Section 3.7].
In this article we will correct the assumptions that are needed for Theorem 1.1 to hold and
extend it to the case of p = 2, which is a more natural integrability condition. Motivated by
these aspects, we actually can prove the following result:
Theorem 1.2. Suppose that (M,g) is a complete, connected non-compact Riemannian manifold
of dimension m = dimM ≥ 3 with infinite volume that admits an Euclidean type Sobolev
inequality of the form (1.1). Moreover, suppose that (N,h) is another Riemannian manifold
whose sectional curvatures satisfy KN ≤ A, where A is a positive constant. Let φ : (M,g) →
(N,h) be a smooth biharmonic map. If
∫
M
|τ(φ)|pdvg <∞
and ∫
M
|dφ|mdvg < ǫ
for p > 1 and ǫ > 0 (depending on p,A and the geometry of M) sufficiently small, then φ must
be harmonic.
Similar ideas have been used to derive Liouville type results for p-harmonic maps in [15],
see also [21] for a more general result. In the proof we choose a test function of the form
(|τ(φ)|2 + δ)
p−2
2 τ(φ), (p > 1, δ > 0) to avoid problems that may be caused by the zero points of
τ(φ). When we take the limit δ → 0, we also need to be careful about the set of zero points of
τ(φ), and a delicate analysis is given. For details please see the proof in section 2.
Moreover, we can get the following Liouville type result.
Theorem 1.3. Suppose that (M,g) is a complete, connected non-compact Riemannian manifold
of m = dimM ≥ 3 with nonnegative Ricci curvature that admits an Euclidean type Sobolev
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inequality of the form (1.1). Moreover, suppose that (N,h) is another Riemannian manifold
whose sectional curvatures satisfy KN ≤ A, where A is a positive constant. Let φ : (M,g) →
(N,h) be a smooth biharmonic map. If∫
M
|τ(φ)|pdvg <∞
and ∫
M
|dφ|mdvg < ǫ
for p > 1 and ǫ > 0 (depending on p,A and the geometry of M) sufficiently small, then φ is a
constant map.
Note that due to a classical result of Calabi and Yau [20, Theorem 7] a complete non-compact
Riemannian manifold with nonnegative Ricci curvature has infinite volume.
Remark 1.4. Due to Theorem 1.2 we only need to prove that harmonic maps satisfying the
assumption of Theorem 1.3 are constant maps. Such a result was proven in [15] and thus
Theorem 1.3 is a corollary of Theorem 1.5 in [15]. Conversely, Theorem 1.3 generalizes related
Liouville type results for harmonic maps in [15].
Organization: Theorem 1.2 is proved in section 2. In section 3 we apply Theorem 1.2 to get
several nonexistence results for proper biharmonic submersions.
2 Proof of the main result
In this section we will prove Theorem 1.2.
Assume that x0 ∈M . We choose a cutoff function 0 ≤ η ≤ 1 on M that satisfies

η(x) = 1, ∀ x ∈ BR(x0),
η(x) = 0, ∀ x ∈M \B2R(x0),
|∇η(x)| ≤ CR , ∀ x ∈M.
(2.1)
Lemma 2.1. Let φ : (M,g)→ (N,h) be a smooth biharmonic map and assume that the sectional
curvatures of N satisfy KN ≤ A. Let δ be a positive constant. Then the following inequalities
hold.
(1) If 1 < p < 2, we have
(1−
p− 1
2
)
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg
≤ A
∫
M
η2(|τ(φ)|2 + δ)
p
2 |dφ|2dvg +
C
R2
∫
B2R(x0)
(|τ(φ)|2 + δ)
p
2 dvg
− (p− 2)
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg; (2.2)
(2) If p ≥ 2, we have
1
2
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg
≤ A
∫
M
η2(|τ(φ)|2 + δ)
p
2 |dφ|2dvg +
C
R2
∫
B2R(x0)
(|τ(φ)|2 + δ)
p
2 dvg. (2.3)
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Proof. Multiplying the biharmonic map equation by η2(|τ(φ)|2 + δ)
p−2
2 τ(φ) we get
η2(|τ(φ)|2 + δ)
p−2
2 〈∆φτ(φ), τ(φ)〉 = −η2(|τ(φ)|2 + δ)
p−2
2
m∑
i=1
RN (τ(φ), dφ(ei), τ(φ), dφ(ei)).
Integrating over M and using integration by parts we get
∫
M
η2(|τ(φ)|2 + δ)
p−2
2 〈∆φτ(φ), τ(φ)〉dvg
= −2
∫
M
(|τ(φ)|2 + δ)
p−2
2 〈∇¯τ(φ), τ(φ)〉η∇ηdvg
− (p − 2)
∫
M
η2|〈∇¯τ(φ), τ(φ)〉|2(|τ(φ)|2 + δ)
p−4
2 dvg
−
∫
M
η2(|τ(φ)|2 + δ)
p−2
2 |∇¯τ(φ)|2dvg
≤ −2
∫
M
(|τ(φ)|2 + δ)
p−2
2 〈∇¯τ(φ), τ(φ)〉η∇ηdvg (2.4)
− (p − 2)
∫
M
η2|〈∇¯τ(φ), τ(φ)〉|2(|τ(φ)|2 + δ)
p−4
2 dvg
−
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg.
Therefore when 1 < p < 2 we have
∫
M
η2(|τ(φ)|2 + δ)
p−2
2 〈∆φτ(φ), τ(φ)〉dvg
≤ (
p− 1
2
− 1)
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg
+
2
p− 1
∫
M
(|τ(φ)|2 + δ)
p
2 |∇η|2dvg
− (p− 2)
∫
M
η2|〈∇¯τ(φ), τ(φ)〉|2(|τ(φ)|2 + δ)
p−4
2 dvg
≤ (
p− 1
2
− 1)
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg
+
C
R2
∫
B2R(x0)
(|τ(φ)|2 + δ)
p
2 dvg
− (p− 2)
∫
M
η2|〈∇¯τ(φ), τ(φ)〉|2(|τ(φ)|2 + δ)
p−4
2 dvg
≤ (
p− 1
2
− 1)
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg
+
C
R2
∫
B2R(x0)
(|τ(φ)|2 + δ)
p
2 dvg
− (p− 2)
∫
M
η2|∇¯τ(φ)|2|τ(φ)|2(|τ(φ)|2 + δ)
p−4
2 dvg,
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where in the last inequality we used 1 < p < 2 and
|〈∇¯τ(φ), τ(φ)〉|2 ≤ |∇¯τ(φ)|2|τ(φ)|2.
Therefore we find
(1−
p− 1
2
)
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg
≤
∫
M
η2(|τ(φ)|2 + δ)
p−2
2
m∑
i=1
RN(τ(φ), dφ(ei), τ(φ), dφ(ei))dvg
+
C
R2
∫
B2R(x0)
(|τ(φ)|2 + δ)
p
2 dvg
− (p − 2)
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg
≤ A
∫
M
η2(|τ(φ)|2 + δ)
p−2
2 |τ(φ)|2|dφ|2dvg +
C
R2
∫
B2R(x0)
(|τ(φ)|2 + δ)
p
2 dvg
− (p − 2)
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg
≤ A
∫
M
η2(|τ(φ)|2 + δ)
p
2 |dφ|2dvg +
C
R2
∫
B2R(x0)
(|τ(φ)|2 + δ)
p
2 dvg
− (p − 2)
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg,
which proves the first claim.
When p ≥ 2 equation (2.4) gives
∫
M
η2(|τ(φ)|2 + δ)
p−2
2 〈∆φτ(φ), τ(φ)〉dvg
≤ −2
∫
M
(|τ(φ)|2 + δ)
p−2
2 〈∇¯τ(φ), τ(φ)〉η∇ηdvg
−
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg
≤ −
1
2
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg + 2
∫
M
(|τ(φ)|2 + δ)
p
2 |∇η|2dvg.
Therefore we have
1
2
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg
≤
∫
M
η2(|τ(φ)|2 + δ)
p−2
2
m∑
i=1
RN (τ(φ), dφ(ei), τ(φ), dφ(ei))dvg +
C
R2
∫
B2R(x0)
(|τ(φ)|2 + δ)
p
2 dvg
≤ A
∫
M
η2(|τ(φ)|2 + δ)
p−2
2 |τ(φ)|2|dφ|2dvg +
C
R2
∫
B2R(x0)
(|τ(φ)|2 + δ)
p
2 dvg
≤ A
∫
M
η2(|τ(φ)|2 + δ)
p
2 |dφ|2dvg +
C
R2
∫
B2R(x0)
(|τ(φ)|2 + δ)
p
2 dvg.
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This completes the proof of Lemma 2.1. ✷
In the following we will estimate the term
A
∫
M
η2(|τ(φ)|2 + δ)
p
2 |dφ|2dvg.
Lemma 2.2. Assume that (M,g) satisfies the assumptions of Theorem 1.2. Then the following
inequality holds
∫
M
η2(|τ(φ)|2 + δ)
p
2 |dφ|2dvg
≤ C(
∫
M
|dφ|mdvg)
2
m × (2.5)
(
1
R2
∫
B2R(x0)
(|τ(φ)|2 + δ)
p
2 dvg +
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg),
where C is a constant depending on p,A and the geometry of M .
Proof. Set f = (|τ(φ)|2 + δ)
p
4 , then we have
∫
M
η2(|τ(φ)|2 + δ)
p
2 |dφ|2dvg =
∫
M
η2f2|dφ|2dvg.
Then by Ho¨lder’s inequality we get
∫
M
η2f2|dφ|2dvg ≤ (
∫
M
(ηf)
2m
m−2 dvg)
m−2
m (
∫
M
|dφ|mdvg)
2
m .
Applying (1.1) to u = ηf we get
(
∫
M
(ηf)
2m
m−2 dvg)
m−2
m ≤ CMsob
∫
M
|d(ηf)|2dvg,
which leads to∫
M
η2f2|dφ|2dvg ≤ 2C
M
sob(
∫
M
|dφ|mdvg)
2
m (
∫
M
|dη|2f2dvg +
∫
M
η2|df |2dvg). (2.6)
Note that f = (|τ(φ)|2 + δ)
p
4 and
|df |2 =
p2
4
(|τ(φ)|2 + δ)
p−4
2 |〈∇¯τ(φ), τ(φ)〉|2 ≤
p2
4
(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2.
This completes the proof of Lemma 2.2. ✷
When 1 < p < 2, due to Lemmas 2.1, 2.2, we see that by choosing ǫ sufficiently small such
that ACǫ
2
m ≤ p−14 , we have
p− 1
4
∫
M
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg ≤
C
R2
∫
B2R(x0)
(|τ(φ)|2 + δ)
p
2 dvg, (2.7)
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where C is a constant depending on p,A and the geometry of M .
Now, set M1 := {x ∈M |τ(φ)(x) = 0}, and M2 =M \M1.
If M2 is an empty set, then we are done. Hence we assume that M2 is nonempty and we
will get a contradiction below.
Note that since φ is smooth, M2 is an open set.
From (2.7) we have
p− 1
4
∫
M2
η2(|τ(φ)|2 + δ)
p−4
2 |∇¯τ(φ)|2|τ(φ)|2dvg ≤
C
R2
∫
B2R(x0)
(|τ(φ)|2 + δ)
p
2 dvg. (2.8)
Letting δ → 0 we get
p− 1
4
∫
M2
η2|τ(φ)|p−2|∇¯τ(φ)|2dvg ≤
C
R2
∫
B2R(x0)
|τ(φ)|pdvg ≤
C
R2
∫
M
|τ(φ)|pdvg.
Letting R→∞ we get
p− 1
4
∫
M2
|τ(φ)|p−2|∇¯τ(φ)|2dvg = 0.
When p ≥ 2 by a similar discussion we can prove that
1
4
∫
M2
|τ(φ)|p−2|∇¯τ(φ)|2dvg = 0.
Therefore we have that ∇¯τ(φ) = 0 everywhere in M2 and hence M2 is an open and closed
nonempty set, thus M2 =M (as we assume that M is a connected manifold) and |τ(φ)| ≡ c for
some constant c 6= 0. Thus V ol(M) <∞ by
∫
M c
pdvg <∞.
In the following we will need Gaffney’s theorem [7], stated below:
Theorem 2.3 (Gaffney). Let (M,g) be a complete Riemannian manifold. If a C1 1-form ω
satisfies that
∫
M |ω|dvg <∞ and
∫
M |δω|dvg < ∞, or equivalently, a C
1 vector field X defined
by ω(Y ) = 〈X,Y 〉, (∀Y ∈ TM) satisfies that
∫
M |X|dvg <∞ and
∫
M |divX|dvg <∞, then∫
M
δωdvg =
∫
M
divXdvg = 0.
Define a l-form on M by
ω(X) := 〈dφ(X), τ(φ)〉, (X ∈ TM).
Then
∫
M
|ω|dvg =
∫
M
(
m∑
i=1
|ω(ei)|
2)
1
2dvg
≤
∫
M
|τ(φ)||dφ|dvg
≤ cV ol(M)1−
1
m (
∫
M
|dφ|mdvg)
1
m
< ∞.
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In addition, we calculate −δω =
∑m
i=1(∇eiω)(ei):
−δω =
m∑
i=1
∇ei(ω(ei))− ω(∇eiei)
=
m∑
i=1
{〈∇¯eidφ(ei), τ(φ)〉 − 〈dφ(∇eiei), τ(φ)〉}
=
m∑
i=1
〈∇¯eidφ(ei)− dφ(∇eiei), τ(φ)〉
= |τ(φ)|2,
where in the second equality we used ∇¯τ(φ) = 0. Therefore
∫
M
|δω|dvg = c
2V ol(M) <∞.
Now by Gaffney’s theorem and the above equality we have that
0 =
∫
M
(−δω)dvg =
∫
M
|τ(φ)|2dvg = c
2V ol(M),
which implies that c = 0, a contradiction. Therefore we must haveM1 =M , i.e. φ is a harmonic
map. This completes the proof of Theorem 1.2. ✷
3 Applications to biharmonic submersions
In this section we give some applications of our result to biharmonic submersions.
First we recall some definitions [3].
Assume that φ : (M,g) → (N,h) is a smooth map between Riemannian manifolds and
x ∈M . Then φ is called horizontally weakly conformal if either
(i) dφx = 0, or
(ii) dφx maps the horizontal space Hx = {Ker dφx}
⊥ conformally onto Tφ(x)N , i.e.
h(dφx(X), dφx(Y )) = λ
2g(X,Y ), (X,Y ∈ Hx),
for some λ = λ(x) > 0, called the dilation of φ at x.
A map φ is called horizontally weakly conformal or semiconformal on M if it is
horizontally weakly conformal at every point ofM . Furthermore, if φ has no critical points, then
we call it a horizontally conformal submersion: In this case the dilation λ : M → (0,∞)
is a smooth function. Note that if φ : (M,g) → (N,h) is a horizontally weakly conformal map
and dimM < dimN , then φ is a constant map.
If for every harmonic function f : V → R defined on an open subset V of N with φ−1(V )
nonempty, the composition f ◦ φ is harmonic on φ−1(V ), then φ is called a harmonic mor-
phism. Harmonic morphisms are characterized as follows (cf. [6, 9]).
Theorem 3.1 ([6, 9]). A smooth map φ : (M,g) → (N,h) between Riemannian manifolds is a
harmonic morphism if and only if φ is both harmonic and horizontally weakly conformal.
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When φ : (Mm, g) → (Nn, h), (m > n ≥ 2) is a horizontally conformal submersion, the
tension field is given by
τ(φ) =
n− 2
2
λ2dφ(gradH(
1
λ2
))− (m− n)dφ(Hˆ), (3.1)
where gradH(
1
λ2 ) is the horizontal component of grad(
1
λ2 ), and Hˆ is the mean curvature of
the fibres given by the trace
Hˆ =
1
m− n
m∑
i=n+1
H(∇eiei).
Here, {ei, i = 1, ...,m} is a local orthonormal frame field onM such that {ei, i = 1, ..., n} belongs
to Hx and {ej , j = n+ 1, ...,m} belongs to Vx at each point x ∈M , where TxM = Hx ⊕ Vx.
Nakauchi et al. [16], Maeta [14] and Luo [12] applied their nonexistence result for biharmonic
maps to get conditions for which biharmonic submersions are harmonic morphisms. Here, we
give another such result by using Theorem 1.2. We have
Proposition 3.2. Let φ : (Mm, g) → (Nn, h), (m > n ≥ 2) be a biharmonic horizontally
conformal submersion from a complete, connected non-compact Riemannian manifold (M,g)
with infinite volume, that admits an Euclidean Sobolev type inequality of the form (1.1), into a
Riemannian manifold (N,h) with sectional curvatures KN ≤ A and p a real constant satisfying
1 < p <∞. If ∫
M
λp|
n− 2
2
λ2gradH(
1
λ2
)− (m− n)Hˆ|pgdvg <∞,
and ∫
M
λmdvg < ǫ
for sufficiently small ǫ > 0 (depending on p,A and the geometry of M), then φ is a harmonic
morphism.
Proof. By (3.1) we have,∫
M
|τ(φ)|phdvg =
∫
M
λp|
n− 2
2
λ2gradH(
1
λ2
)− (m− n)Hˆ|pgdvg <∞,
and since |dφ(x)|2 = nλ2(x), we get that φ is harmonic by Theorem 1.2. Since φ is also a
horizontally conformal submersion, φ is a harmonic morphism by Theorem 3.1. ✷
In particular, if dimN = 2, we have
Corollary 3.3. Let φ : (Mm, g)→ (N2, h) be a biharmonic horizontally conformal submersion
from a complete, connected non-compact Riemannian manifold (M,g) with infinite volume, that
admits an Euclidean Sobolev type inequality of the form (1.1), into a Riemannian surface (N,h)
with Gauss curvature bounded from above and p a real constant satisfying 1 < p <∞. If∫
M
λp|Hˆ |pgdvg <∞,
and ∫
M
λmdvg < ǫ
for sufficiently small ǫ > 0 (depending on p,A and the geometry of M), then φ is a harmonic
morphism.
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